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Abstract. PT -symmetric quantum mechanics, the extension of conventional
quantum mechanics to the non-Hermitian Hamiltonian invariant under the
combined parity (P) and time reversal (T ) symmetry, has been successfully
applied to a variety of fields such as solid state physics, mathematical physics,
optics, quantum field theory. Recently, the extension of PT -symmetrical theory
to entangled quantum systems was challenged in that PT formulation within
the conventional Hilbert space violates the no-signaling principle. Here, we
revisit the derivation of non-signaling principle in the framework of CPT inner
product prescription. Our results preserve the no-signaling principle for a
two-qubit system, reaffirm the invariance of the entanglement, and reproduce
the Clauser-Horne-Shimony-Holt (CHSH) inequality. We conclude that PT -
symmetric quantum mechanics satisfies the requirements for a fundamental theory
and provides a consistent description of quantum systems.
PACS numbers: 11.30.Er, 03.65.-w, 03.65.Ge, 02.60.Lj
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1. Introduction
There are considerable interest in non-Hermitian operators and indefinite Hilbert
space structures in quantum mechanics after the discovery that complex Hamiltonians
possessing PT -symmetry (the product of parity and time reversal) can have a real
spectrum [1]. The non-Hermitian and PT -symmetric quantum theory has been
successfully used in studies of mathematical physics, solid state physics, quantum
field theory, optics, to mention a few (for a comprehensive literature, see [2, 3, 4]
and references therein). The diversity of theoretical and experimental investigations
call for clarification whether the PT -symmetric quantum mechanics is a fundamental
theory with physically acceptable predictions and conclusions.
The primary requirement that a physically acceptable quantum theory should
satisfy, is the reality of the spectrum and the associated conservation of probability.
The latter is realized in conventional quantum mechanics by unitarity of the
time evolution operator. In this regard, there have been considerable progress in
understanding the spectral reality of PT -symmetric Hamiltonian from establishing
the corresponding sufficient conditions and by comparing pseudo-Hermiticity with
PT -symmetry [2, 3, 4, 5, 6]. The feature of the space of states necessary to define
the probability was investigated. The disconcerting problem of the space of states
appearing to be an indefinite metric space was subsequently resolved. One solution is
based on the observation that self-consistent condition dictates that the space of states
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is not Hilbert space but Krein space [7, 8]. Another solution involves the introduction
of the “charge conjugation” operator C and the resultant CPT inner product, providing
a positive defined norm at the outset [9, 10]. The latter approach logically leads to
a unitary time evolution. Thus, the requirement for a fundamental quantum theory,
conservation of the probabilities for Hamiltonians with real spectra is satisfied.
In order to be a fundamental physical theory, PT -symmetric quantum mechanics
should reproduce not only the spectrum reality and unitary but also the general
conditions such as no-signaling principle. The no-signaling principle can be viewed
as a realization of classical causality in quantum theory [11, 12]. Another essential
feature of the fundamental quantum theory is the violation of Bell inequalities
that can be demonstrated as the deviation from the classical probabilistic result
for the CHSH thought experiments [13, 14, 15]. In this regard, the no-signaling
principle was analyzed in PT -symmetric quantum mechanics and it is claimed that
the principle is violated [16]. The conclusion, based on the calculation in the
framework of conventional Hilbert space prescription, implies that PT -symmetric
quantum mechanics cannot be a fundamental theory.
In this paper, based on the definition of probability via CPT inner product, we
demonstrate that both no-signaling principle and the result of the CHSH experiment
are reproduced by PT -symmetric extension of quantum mechanics. Therefore, we
reaffirm the consistency of PT symmetric quantum mechanics as a fundamental
theory. The paper is organized as follows: in section II we give a brief review of
a CPT inner product. We demonstrate on the example of a model Hamiltonian
that in the space of states endowed with CPT inner product, the orthogonality of
states is achieved, and the density matrix is diagonal. The orthogonality is the
mathematical realization of the physical requirement, forbidding any state to have
different eigenvalues simultaneously. In PT -symmetric quantum mechanics, Hilbert
space formalism fails to satisfy this condition. In section III, using CPT inner product
prescription, we reexamine the no-signaling principle on the example of two separated
observers sharing an entangled state. We illustrate that in both cases, when both
observers are equipped with a a non-Hermitian PT -symmetric Hamiltonians, or when
one Hamiltonian is PT -symmetric and other is Hermitian, the no-signaling principle is
valid. The discrepancy between our results and those from [16] is attributed to using
the different prescriptions for calculating the conditional probabilities. If one uses
prescription dictated by CPT inner product, the no-signaling principle remains valid.
Using CPT prescription, we also show that in PT -symmetric quantum mechanics
the measure of entanglement is invariant under unitary transformations, in analogous
to the result obtained in conventional quantum mechanics. In section IV, we show
that the quantumness, manifested by the CHSH experiment, is reproduced in PT -
symmetric quantum mechanics using CPT inner product. In the last section, we draw
our conclusions. Expressions for the eigenfunctions of Hamiltonian for the composite
system, density matrix, and the projection operators necessary for the derivation of
our results, are given in Appendices.
2. CPT inner product
It is well known that the physical requirement that it is impossible to measure
simultaneously different eigenvalues [17, 18] leads to the conclusion that the space
of states of PT -symmetric quantum mechanics is an indefinite metric space [7, 8].
The scalar product for two states ψα and ψβ , identified with the transition amplitude,
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satisfying the requirement that it vanishes for the states with different eigenvalues,
Eα 6= Eβ , is found to be [7, 8]
(ψα|ψβ) = (PT ψα)T ψβ =
∫
dxψ⋆α(−x)ψβ(x). (1)
Throughout we consider the real-space independent case; all the results remain intact
when wavefunctions depend on x. The linear space with indefinite metric described
above satisfies the requirement that the transition amplitude between the states
with different energies vanishes. Thus, the space equipped with the above scalar
product serves as a space of states of PT -symmetric quantum mechanics. In contrast,
the traditional definition of the inner product, 〈ψα|ψβ〉 = (ψTα )⋆ ψβ , violates the
orthogonality of states with different eigenvalues. As such, Hilbert space cannot be
the space of states for PT -symmetric quantum mechanics. Probabilistic interpretation
requires that the amplitude (ψα|ψα) must be normalizable, which is not possible in
Hilbert space prescription, since the inner product Eq. (1) is not positively defined.
This setback was overcomed by introducing an operator C, which accounts for the
negative sign of the norm defined from Eq. (1). The inner product in PT -symmetric
quantum mechanics is defined as follows [9, 10]
〈ψα|ψβ〉CPT = (CPT ψα)T ψβ . (2)
Linear operator C that measures the sign of norm (1) is constructed in terms of the
eigenfunctions of Hamiltonian ψn, Hψn(x) = Enψn(x) [9],
C =
∑
n
ψn ⊗ ψTn , (3)
where PT symmetry is assumed not broken. Here ⊗ stands for the tensor product
of vectors ψn. The norm associated with Eq. (3) is positively-defined because it
contributes additional factor of -1 when it is applied to the negative vectors ψ− whose
PT norm is negative: (PT ψ−)T ψ− < 0. In this way, C can be considered as the
result of measurement of the sign of the inner product (ψ|ψ). The properties of C are
similar to those of the charge conjugation operator in quantum field theory [9]. For
the formal properties of operators with C-symmetries, we refer to [19] for details. For
PT and CPT frames on a Hilbert space for PT symmetric Hamiltonian see [20], [21].
We now demonstrate how CPT inner product prescription works for an example
of exactly solvable non-Hermitian PT -symmetrical Hamiltonian [9]:
H2×2 = s
(
i sinα 1
1 −i sinα
)
, P =
(
0 1
1 0
)
, T
(
x
y
)
=
(
x⋆
y⋆
)
, (4)
where x⋆ is complex conjugate of x, s and α are real parameters; H2×2 is Hermitian
when α = 0. The eigenvalues E± = ±s cosα are real provided α < pi/2 [9]. The
corresponding eigenfunctions of Hamiltonian (4) are
ψ+ =
1√
2 cosα
(
eiα/2
e−iα/2
)
, ψ− =
1√
2 cosα
(
e−iα/2
−eiα/2
)
. (5)
According to Eq. (3), the C operator is
C ≡ ψ+ ⊗ ψ+T + ψ− ⊗ ψ−T = 1
cosα
(
i sinα 1
1 −i sinα
)
. (6)
It is straightforward to verify that CPT inner product satisfies requirements of the
orthogonality and normalization:
〈ψ+|ψ−〉CPT = 0, ‖ψ±‖2 = 〈ψ±|ψ±〉CPT = 1. (7)
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Note that if one uses the Hilbert space formalism, the orthogonality condition is not
satisfied. Instead of Eq. (7), one now has:
(ψ+)⋆ · ψ− = tanα 6= 0. (8)
Density matrix defined in the space with CPT inner product is diagonal:
ρ =
1
2
(
(CPT ψ+)⊗ ψ+T + (CPT ψ−)⊗ ψ−T
)
=
1
2
(
1 0
0 1
)
. (9)
Thus, CPT inner product (1) leads to physically acceptable results: a positively
defined metric, orthonormality of eigenfunctions, and diagonal density matrix.
We introduce an operator C†
C† ≡ T CT . (10)
Since T 2 = 1 and [P , T ] = 0, transformations CPT and C†P result in a mutually
complex conjugated wave functions. In terms of
Φ ≡ C†P ψ, (11)
normalization and orthogonality conditions (7) are written in a compact way
〈Φ±|ψ±〉 = 1, 〈Φ±|ψ∓〉 = 0, (12)
where the inner product 〈Φ|ψ〉 = Φ⋆ ψT formally coincides with the prescription of a
Hilbert space. The normalized amplitude and the probability of transition from the
state described by ψα to the state described by ψβ can be written as:
Aαβ = 〈Φα|ψβ〉√〈Φα|ψα〉√〈Φβ |ψβ〉 , pαβ = |Aαβ |
2
; 0 ≤ pαβ ≤ 1. (13)
Eqs. (12 - 13), along with the fact that in the space of states endowed by CPT
inner product, the time evolution operator generated by a PT symmetric Hamiltonian
is unitary [9], present a self-consistent interpretation of PT -symmetric quantum
mechanics.
3. No-signaling principle in PT symmetric quantum mechanics
Besides satisfying requirements of the spectrum reality and the unitary time evolution,
PT symmetric systems must meet other basic physical requirements to represent
physically acceptable theory. One of such requirements is that they must satisfy
the no-signaling principle: given system composed of two subsystems, Alice (A) and
Bob (B), A cannot communicate to B, unless A transmits physical information to B
[11].
It is well known that quantum mechanics satisfies the no-signaling principle [22].
The thought experiment may be set up as follows: A and B are at different locations
and share non separable, entangled quantum state. A is given a random message from
a set of N elements (the outcome of a measurement). A and B perform arbitrary
quantum measurements, using their quantum state but without transmission of any
physical information. According to the no-signaling principle, B cannot obtain any
information on message given to A. Regarding the probability distribution, quantum
theory satisfies the no-signaling if B cannot infer A’s message from outcomes. The
no-signaling condition is formalized as the requirement that conditional probabilities
satisfy the following relation [11]:∑
a
P (a, b|A, B) = P (b|B), (14)
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where a and b are outcomes of measurements A and B, performed by Alice and Bob,
respectively. A belongs to a set of possible measurements performed by Alice. If Eq.
(14) is not satisfied, then the no-signaling principle is violated.
The validity of the no-signaling principle in PT -symmetric quantum mechanics,
and as a consequence, the status of PT -symmetric quantum mechanics as a
fundamental theory was recently questioned in [16, 23]. The thought experiment
designed in [16] consists of two observers Alice and Bob share maximally entangled
state |ψ0〉 = (|00〉+ |11〉)/
√
2. Alice has a PT -symmetric non-Hermitian Hamiltonian
H2×2 as described by Eq. (4), and does not interact with any subsystem on Bob’s
side. The total Hamiltonian describing the composite system is H4×4 = H2×2 ⊗ I2×2,
where I is the identity operator, chosen as the Hamiltonian for Bob.
To examine the validity of the no-signaling principle in the set up described above
we make use of similar prescription as for the 2×2 case, normalizing the eigenfunctions
based on CPT inner product 〈Φj |ψk〉CPT , in a full analogy with Eq. (11), with |Φj〉
being
|Φj〉 ≡ C†4×4P4×4|ψj〉, (15)
where j = 1, 2, 3, 4, and the eigenfunctions of the total Hamiltonian H4×4 are given
in Appendix. In Eq. (15), operators C†4×4 and P4×4 are defined as follows:
C†4×4 = C†2×2 ⊗ I2×2, P4×4 = P2×2 ⊗ I2×2, P2×2 =
(
0 1
1 0
)
, (16)
and ψj are eigenfunctions normalized with respect to CPT inner product 〈Φj |ψk〉.
The eigenvalue equations are
H4×4 ψ1,2 = s cosαψ1,2, H4×4 ψ3,4 = −s cosαψ3,4, (17)
and P4×4T ψj = ψj .
The maximally entangled wave function ψ0 that Alice and Bob share after the
time evolution gives rise to two possible final outcomes [16]
ψ+f =
1√
2 cosα


sinα
−i
−i
− sinα

 , ψ−f = 1√2 cosα


−i
sinα
− sinα
−i

 , (18)
where ψ±f ≡ (U(τ)A± ⊗ I)ψ0, U(τ) is the time evolution operator U(τ) =
exp(−iH2×2 τ) [25], and A± are operators I and σx that Alice uses with respect
to the information she wants to send via shared entangled wave function [16]. The
evolution time τ is set to be τ = pi/(E+ − E−). The possible outcomes a and b are
+y or −y.
Marginal joint probability, calculated in [16] using a Hilbert space prescription,
results into expression depending on a parameter α in Alice’s Hamiltonian
∑
a
P (a, b|A, B) =
∑
a=±y
〈ψ±f |(|a〉〈a| ⊗ |b〉〈b|)|ψ±f 〉 =
(1∓ sinα)2
2(1 + sin2 α)
. (19)
Eq. (19) indicates that the Bob’s outcomes probabilities depend on what measurement
Alice performs, A+ or A−, which in turn implies the violation of the no-signaling
principle.
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Note that it is straightforward to verify that ψj ’s are not orthogonal with respect
to Hilbert space inner product in that 〈ψj |ψk〉 6= δjk. By contrast, CPT inner product
(12) satisfies the orthonormality condition
〈Φj |ψk〉 = δjk. (20)
The density matrix is defined the same way as in Eq. (9) and is diagonal
ρ4×4 =
1
4
4∑
j=1
|Φj〉〈ψj |, (ρ4×4)ij = δij
4
. (21)
The self-consistent way of formulating PT -symmetric quantum mechanics requires
that the transition between the states with different eigenvalues should vanish. The
modulus of amplitude transiting into itself should be normalizable to one. The
latter, in turn, defines the space of states as a linear space with CPT , rather than
Hilbert space inner product. In our case, when the quantum mechanical system
contains subsystem whose dynamics is described by a PT -symmetric Hamiltonian, the
entangled wave function of the system belongs to the space with CPT inner product
Eq. (1). All the observables have to be calculated in this space.
Thus, for the entangled states, in analogy to Eq. (15), we introduce |Φ±f 〉 ≡
C†4×4P4×4|ψ±f 〉. We then have:
|Φ+f 〉 =
1√
2


0
−i
−i
0

 , |Φ−f 〉 = 1√2


−i
0
0
−i

 . (22)
Orthonormality conditions read as:
〈Φ±f |Φ±f 〉 = 1, 〈Φ±f |Φ∓f 〉 = 0. (23)
We replace Eq. (19), the expression for the marginal probabilities considered in
[16], by
〈Φ±f |(|a〉〈a| ⊗ |b〉〈b|)|Φ±f 〉, (24)
which respects the physical requirements such as positively defined probability, the
orthogonality, and vanishing of the transition amplitude between different states. It is
worth noting that the projectors (|a〉〈a|⊗|b〉〈b|) are Hermitian operators. To calculate
the marginal probability of a composite system, we substitute |ψ±f 〉 by |Φ±f 〉 in Eq.
(19) and insert the identity I4×4 =
∑4
j=1 |ηj〉〈ηj |, where |ηj〉 are the eigenvectors of
operator |a〉〈a| ⊗ |b〉〈b| that filter out the results of the possible outcomes. Then, it is
straightforward to verify that
∑
a
P (a, b|A, B) =
4∑
j=1
〈Φ±f |a〉 〈a| ⊗ |b〉〈b |ηj〉 〈ηj |Φ±f 〉 = (25)
∑
a=±y
〈Φ±f |a〉 〈a| ⊗ |b〉〈b |ηj=±y〉 〈η=±y|Φ±f 〉 =
1
2
. (26)
As such, Eq. (26) does not contain the parameter α. Thus, the no-signaling principle
holds in PT -symmetric quantum mechanics. The probabilities of Bob’s outcomes do
not depend on the measurements Alice performs.
It is important to note that the calculated probability, Eq. (26), acquires Φ±f at
both ends, which is simply attributed to the fact that the probability is the modular
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square of the amplitude. With the use of CPT prescription, the no-signaling principle
is preserved. A straightforward calculation verifies the following∑
a
〈Φ±f |a〉 〈a| ⊗ |b〉〈b|Φ±f 〉 =
∑
b
〈Φ±f |a〉 〈a| ⊗ |b〉〈b|Φ±f 〉 =
1
2
. (27)
The same procedure can be applied to the case when Bob also possesses PT -symmetric
Hamiltonian. The Hamiltonian described the corresponding system
H = HA(αA)⊗HB(αB), HA,B(αA,B) = sA,B
(
i sinαA,B 1
1 −i sinαA,B
)
. (28)
Using eigenfunctions of Hamiltonian (28) (see Appendix B) it is straightforward
to show that the same result (27) holds, demonstrating that the no-signaling is
respected in this case as well. Therefore, no signaling is valid when either one or
both Hamiltonians of a system comprised of two subsystems are non Hermitian and
PT -symmetric.
We are now in a position to address an important issue concerning the
conservation of entanglement under unitary transformations. It was stated [23] that
in a two-component system, the measure of entanglement is changed due to the
non-Hermiticity of the Hamiltonian (4). The conclusion poses yet another serious
challenge to a PT -symmetric quantum mechanics since the measure of entanglement,
among other general requirements, should be invariant under the local unitary
transformations [11, 26]. The measurement of entanglement E is given by [11, 26]
E(ψ) = −trA(ρA log ρA) = −trB(ρB log ρB), (29)
where the reduced density matrices are defined as a partial traces: ρA = trB(|ψ〉〈ψ|)
and ρB = trA(|ψ〉〈ψ|). In [23] prescription (29) is applied to a bipartite system of Alice
and Bob described above. According to [23], starting from a maximally entangled
state ψ0 = (|00〉+ |11〉)/
√
2 and using Hilbert space definition for the reduced density
matrix, after the time τ , the density operator for Bob’s subsystem is
ρB =
1
2
(
1 + sinα cosα i sinα
−i sinα 1− sinα cosα
)
. (30)
Entanglement measure E is given by
E = −
∑
j
λj logλj , (31)
where λj are the eigenvalues of the density operator. The eigenvalues of (30) are
λ± = (1±
√
1− cos4 α)/2, so −∑j λj logλj depends on a non-Hermiticity parameter
α. After time τ entanglement measure is no longer unity, which implies that the
maximally entangled state changes to a non-maximally entangled one. The violation
of entanglement invariance, if true, would deprive PT -symmetric quantum mechanics
as a fundamental theory.
Note that the reduced density operator appearing in the expression for the
measure of entanglement (29) is defined in [23] as ρB = trA(|ψ〉〈ψ|), calculated in
the framework of the standard quantum theory. As stated above, the self-consistency
of PT -symmetric quantum mechanics is achieved when the space of states is a linear
space equipped with CPT inner product in which the density matrix is defined by
the prescription (9). CPT prescription leads to a physically acceptable result that the
no-signaling principle is preserved. Therefore, as before, instead of the prescription
|ψ〉〈ψ|, we use |ψ〉〈Φ|, where Φ ≡ CPT ψ. Note that when ψ is a pure state, the
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prescription ρ = |ψ〉〈ψ| does not lead to ρ2 = ρ because of the non-orthogonality of
〈ψi|ψj〉, while prescription ρ = |ψ〉〈Φ| results in ρ2 = ρ.
We calculate the density matrix using CPT inner product and obtain
ρ =
1
2
(
|ψ+〉〈Φ+|+ |ψ−〉〈Φ−|
)
=
1
4


1 2i sinα
cos2 α 0
1+sin2 α
cos2 α
2i sinα
cos2 α 1
1+sin2 α
cos2 α 0
0 1+sin
2 α
cos2 α 1
2i sinα
cos2 α
1+sin2 α
cos2 α 0
2i sinα
cos2 α 1

 (32)
The reduced density operator for Bob, given by the partial trace of (32) is
ρB =
1
2
(
1 0
0 1
)
. (33)
In distinct of eigenvalues of density matrix (30), latter calculated using Hilbert
space prescription, the eigenvalues of matrix (33) are λ+ = λ− = 1/2, and for the
entanglement measure we obtain
E = −λ+ logλ+ − λ− logλ− = 1. (34)
As a result, the entanglement measure remains invariant with regard to unitary
transformations in PT -symmetric quantum mechanics, contrary to claims in [23],
[24].
We demonstrated that both the no-signaling principle and entanglement measure
invariance are respected in PT -symmetric quantummechanics when the space of states
is the space endowed by the CPT inner product (2).
4. THE CHSH game in PT -symmetric quantum mechanics
The CHSH game, introduced by Clauser, Horne, Shimony and Holt [13], is a Gedanken
experiment devised to manifest the quantumness as the deviation from the classical
physics. The CHSH game is used as a prototype of the Bell test [13, 14, 27]. The
experiment is set up as a game where two players, Alice A and Bob B, agree on a
strategy before they are separated. Each of them receives as an input of a random
bit A, B ∈ (0, 1) and in response they output a bit each a, b ∈ (0, 1). Players win the
game when the parity of a+ b is equal to the product of A and B, i.e. a and b have to
be different from each other if A = B = 1 and equal to each other for the other three
possible combinations of A and B.
Evidently, if the players follow a classical strategy, only three of the four possible
pairs of inputs (0, 0), (0, 1), (1, 0), (1, 1) can be satisfied simultaneously. In other words,
players ought to agree beforehand that they both output the same bit independently
from their input. As such, the maximum winning probability within the classical game
is 3/4, so
Pclassical ≤ 0.75, (35)
which is Bell inequality for the CHSH game.
In the quantum version of the game, Alice and Bob share an entangled state.
Two qubits are separated and A and B measure their qubits depending on the inputs
and then output the result of their measurements. Quantum mechanics states that
when Alice and Bob start from the maximally entangled state
|ψ0〉 = 1√
2
(|00〉+ |11〉), (36)
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the maximum winning probability in the quantum game is larger than 3/4 by agreeing
upon a strategy different from the classical one described above,
Pquant ≤ cos2
(
pi
8
)
≈ 0.85, (37)
i.e. the Bell inequality (35) is indeed violated [13, 27].
In the following, we examine the quantum CHSH game in PT -symmetric quantum
mechanics. The goal is to check whether the Bell inequality is violated in PT -
symmetric quantum mechanics. We use the same procedure as in Hermitian quantum
mechanics. Depending on their inputs, Alice and Bob measure their qubits in basis
rotated by 0, pi/4, pi/8, −pi/8, respectively. This rotation is described as follows: when
A = 0, Alice measures in the standard basic |0〉 and |1〉 and when A = 1, Alice
measures in the pi/4 rotated basis. Meanwhile Bob measures in the basis rotated by
pi/8 when B = 0 and measures in the basis rotated by −pi/8 when B = 1. The relative
angle between the basis vectors of Alice and Bob is pi/8, pi/8, pi/8, and 3pi/8 for (A,
B)=(0, 0), (0, 1), (1, 0 and (1, 1), respectively.
The wave function after the time evolution is
|ψABf 〉 = (Uτ (A)RA ⊗ Uτ (B)RB)|ψ0〉, (38)
where Uτ is the time evolution operator, RA and RB are rotating operators along the
basis vectors by angles θA and θB, respectively.
It is straightforward to verify that without using CPT inner product, i.e. if one
calculates the marginal probability using P (ab|AB) = 〈ψABf |(|a〉〈a| ⊗ |b〉〈b|)|ψABf 〉,
the inequality (37) is not reproduced. This conclusion is similar to the one when the
no-signaling principle and entanglement measure were calculated for PT -symmetric
quantum mechanics using Hilbert space inner product.
For calculation of probabilities, we use prescription (15) which for the time evolved
entangled state results in:
|ΦABf 〉 ≡ C†P|ψABf 〉 =
1√
2


− cos(θA − θB)
sin(θA − θB)
− sin(θA − θB)
cos(θA − θB)

 . (39)
Projectors for the measurement of four possible combinations of output bits a and b
are |a〉〈a| ⊗ |b〉〈b|, a ∈ (0, 1), b ∈ (0, 1). Marginal probability calculated using CPT
inner product is given by
P (ab|AB) = 〈ΦABf |(|a〉〈a| ⊗ |b〉〈b|)|ΦABf 〉, (40)
and a straightforward calculation leads to
P (ab|AB) = 1
2
[
cos2(θA − θB)δab + sin2(θA − θB)(1− δab)
]
. (41)
The winning probability is calculated by summing up marginal probabilities for all
possible outputs and inputs. Alice and Bob agree upon a quantum strategy that the
difference between the angles is the same for all the combinations but when A = B = 1.
In other words, we have θA − θB = ζ for all cases but for A = B = 1, θA − θB = 3ζ
[13]. Then, the winning probability is
Pquant(ζ) =
1
4
[3 cos2 ζ + sin2(3ζ)]. (42)
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After optimization, we obtain that the winning probability has maximum at ζ = pi/8
and the maximum is Pmaxquant = Pquant(pi/8) = cos
2(pi/8). This is in conformity with
the CHSH result (37).
Therefore, in PT -symmetric quantum mechanics, the probability of winning in
quantum CHSH experiment and thus the violation of Bell inequality are reproduced
when for the space of states, the linear space equipped with CPT inner product is
used. It is worth noting that from the Eq. (41), it follows that
∑
a P (ab|AB) = 1/2,
i.e. the condition for the no-signaling principle is satisfied.
5. Discussion
In this paper, we systematically evaluate the entanglement in PT -symmetric quantum
mechanics. The calculations are performed using CPT inner product prescription,
which is important to rectify the fallacy of using Hilbert space inner product
in PT -symmetric quantum mechanics. Specifically, we demonstrate that the no-
signaling principle is valid, the measure of the entanglement is invariant under
the unitary transformation, and Bell inequality, presented in the framework of the
CHSH experiment, is violated in conformity with results of the conventional quantum
mechanics. Therefore, PT -symmetric quantum mechanics can be a fundamental
quantum theory, and offers a sensible description of nature.
At this juncture, it is worth remarking that quantum entanglement plays a pivotal
role in the discussion of the no-signaling principle. It is important to clarify the
local and non-local correlations associated with quantum entanglement. If we use
a separable, untangled initial state such as |00〉 (a direct product of two bits), the
system is referred to as local. If we use an initial entangled state such as (|00〉+ |11〉)
the system is non-local and has a violation of the Bell inequality. We showed that
in non-local PT -symmetric systems the no-signaling principle is satisfied only when
the physically accepted CPT inner product is used. If the initial state is untangled,
separable state, the no-signaling principle is satisfied using either Hilbert-space or
CPT -inner product. In other words, in the framework of Hilbert metric, whether the
no-signaling principle is violated depends on the existence of quantum entanglement.
Using the CPT inner product removes this ambiguity: the no-signaling principle is
satisfied in the cases of both local and non-local correlations, as well as for untangled
or entangled states.
Our findings pave the way to apply PT -symmetric quantum correlations to a
variety of quantum entangled systems such as quantum information theory, quantum
computing, and materials theory. The extension of PT -symmetric quantum mechanics
to entangled systems allows for broad applications. After our work was completed we
learned about recently published papers [28], [29] that point to the inappropriate use
of the Hilbert space metric in [16]. Here we demonstrate explicitly how to employ the
CPT scheme to quantum probabilities.
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Appendix A. Eigenfunctions, density matrix and the projectors for the
composite system H2×2(α)⊗ I2×2.
The normalized eigenfunctions of the total Hamiltonian H4×4 are
ψ1 =
1
2
√
cosα


eiα/2
eiα/2
e−iα/2
e−iα/2

 , ψ2 = 12√cosα


eiα/2
−eiα/2
e−iα/2
−e−iα/2

 , (A.1)
and
ψ3 =
1
2
√
cosα


ie−iα/2
ie−iα/2
−ieiα/2
−ieiα/2

 , ψ4 = 12√cosα


ie−iα/2
−ie−iα/2
−ieiα/2
ieiα/2

 , (A.2)
We follow notations of [16]. For a quantum projectors |a〉〈a| ⊗ |b〉〈b| two cases are
considered. The first case is the projector |+ y〉〈+y| ⊗ |+ y〉〈+y|:
|+ y〉〈+y| ⊗ |+ y〉〈+y| = 1
4


1 −i −i −1
i 1 1 −i
i 1 1 −i
−1 i i 1

 , (A.3)
and the second case is the projector | − y〉〈−y| ⊗ |+ y〉〈+y|:
| − y〉〈−y| ⊗ |+ y〉〈+y| = 1
4


1 −i i 1
i 1 −1 i
−i −1 1 −i
1 −i i 1

 . (A.4)
The eigenvalues of these matrices are 1, 0, 0, 0, respectively. The four eigenvectors ηj
are
|η1〉 = 1
2


1
−i
i
1

 , |η2〉 = 12


1
i
i
−1

 , |η3〉 = 12


1
i
−i
1

 , |η4〉 = 12


−1
i
i
1

(A.5)
and the eigenvalue equations are:
(|+ y〉〈+y| ⊗ |+ y〉〈+y|)|ηj〉 = δ2j|ηj〉, (A.6)
and
(| − y〉〈−y| ⊗ |+ y〉〈+y|)|ηj〉 = δ3j|ηj〉. (A.7)
The density matrix constructed from these states is diagonal:
ρη =
1
4
4∑
j=1
|ηj〉〈ηj | = 1
4


1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

 . (A.8)
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Appendix B. Eigenfunctions for the composite system
H2×2(αA)⊗H2×2(αB).
ψ++f =
1√
2 cosαA cosαB


sinαA sinαB − 1
−i sinαA + i sinαB
−i sinαB + i sinαA
−1 + sinαA sinαB

 , (B.1)
ψ+−f =
1√
2 cosαA cosαB


−i sinαA − i sinαB
−1− sinαA sinαB
−1− sinαA sinαB
i sinαA + i sinαB

 , (B.2)
ψ−+f =
1√
2 cosαA cosαB


−i sinαA − i sinαB
− sinαA sinαB − 1
−1− sinαA sinαB
i sinαA + i sinαB

 , (B.3)
ψ−−f =
1√
2 cosαA cosαB


sinαA sinαB − 1
−i sinαA + i sinαB
−i sinαB + i sinαA
−1 + sinαA sinαB

 . (B.4)
Corresponding CPT counterparts Φijf = C†Pψijf are:
Φ++f =
1√
2


−1
0
0
−1

 , Φ+−f = 1√2


0
−1
−1
0

 , Φ−+f = 1√2


0
−1
−1
0

 , Φ−−f = 1√2


−1
0
0
−1

 .(B.5)
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